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3 . Gelfand .
21. $H$ Hilbert , $|\cdot|_{0}$ $H$ , $A$ $H$
(1)$-(3)$ .
(1) $A$ $\sigma(A)$ ,
(2) $A$ $\lambda_{n}$ ( $\lambda_{n}\leq\lambda_{n+1}$ ) , $\lambda_{1}$ 1
, $narrow\infty$ $\lambda_{n}arrow\infty$ ,
1459 2005 28-46
$\mathit{2}\mathrm{f}\mathrm{l}$
(3) $|\cdot|_{\mathrm{H}.\mathrm{S}}$ . Hilbert-Schmidt $\text{ }$ . $A$ $>0$
.
$|A^{-\alpha}|_{\mathrm{H}.\mathrm{S}}^{2}$. $= \sum_{j=1}^{\infty}\lambda_{j}^{-2\alpha}<\infty$ .
Sobolev $(E_{p}, |\cdot|_{p}),$ $p\in \mathrm{R}$ .
$|f|_{p}:=|A^{p}f|_{0}$ ,
$E_{p}:=\{$
$\mathrm{D}\mathrm{o}\mathrm{m}(A^{p})$ , $(p\geq 0)$
closure of $H$ w.r.t. $|\cdot|_{p}$ . $(p<0)$
$p>0$
$E:=\cap(E_{p}, |\cdot|_{p})p>0$ ’ $E^{*}:=\cup(E_{-p}, |\cdot|_{-p})p>0$
$E$ $H$ $H$ ,
$H$ $E^{*}$ :
$E\subset H\subseteq E^{*}$





23. 2.1 . $H.–L^{2}(S^{1})$
, $H$ $A$
$A=- \frac{d^{\underline{9}}}{dx^{2}}+2$
. ( . A , 2 $A$
1 , 1
. ) $p\in \mathrm{z}_{\geq 0}$
$|f|_{p}:=|A^{p}f|_{0}$ , $f\in E_{p}$ ,










(1) $H^{\otimes n}\wedge$ $n$ ,
$x_{1} \otimes..\otimes x_{n}:=\frac{1}{n!}\sum_{\sigma\in 6_{n}}\wedge.\wedge x_{\sigma(1)}\otimes\ldots\otimes x_{\sigma(n)}$
( $\mathfrak{S}_{n}$ $n$ ) .
(2) Boson Fock $\Gamma(H)$
$\oplus H^{\otimes n}n=0\infty\wedge$




2.5. $H,$ $A$ Hilbert , . $\Gamma(H)$
Boson Fock ,
$\Gamma(A):=\oplus A^{\otimes n}n=0\infty$






closure of $\Gamma(H)\mathrm{w}.\mathrm{r}.\mathrm{t}$ . $|\cdot|_{p}$ ( 0)
Sobolev ( , $||\cdot||_{p}$ ) .
$\mathcal{E}:=\cap \mathcal{E}_{p}p>0$ ’ $\mathcal{E}^{*}:=\cup \mathcal{E}_{-p}p>0$




, . $X,$ $Y$
, $\mathcal{L}(X, Y)$ $X$ $Y$ .
.
2.6.
(1) $f_{i}\in E,$ $y\in E^{*}$ . $D_{y}\in \mathcal{L}(\mathcal{E},\mathcal{E})$ 5
D ... $\otimes f_{n}:=\sum_{j=1}^{n}\wedge\langle y, f_{j}\rangle f_{1}\otimes..\check{f}_{j}\wedge.\ldots\otimes f_{n}\wedge$
(2) $f_{i}\in E,$ $y\in E^{*}$ .
$D_{y}^{*}f_{1}\otimes..\otimes f_{n}:=y\otimes f_{1}\otimes..\otimes f_{n}\wedge.\wedge\wedge\wedge.\wedge$
.
(i) $y\in E$ $D_{y}^{*}\in L(\mathcal{E}, \mathcal{E})$ ,
(ii) $y\in E^{*}$ $D_{y}^{*}\in \mathcal{L}(\mathcal{E}^{*}, \mathcal{E}^{*})$ ,
.
27( ). . $f\in E$ ,
$y\in E^{*}$




28. $e_{i}\in E,$ $i\in \mathrm{N}$ $H$ ,
$e(\mathrm{i}):=e_{i_{1}}\otimes\ldots\otimes e_{i_{l}}$ , $\mathrm{i}:=(i_{1}, \ldots, \mathrm{i}_{l})\in \mathrm{N}^{l}$ .
.
(1) $F\in(E^{\otimes(l+m)})^{*}$ ,




(2) $F\in(E^{\otimes(l+m)})^{*},$ $g\in E^{\otimes(l+n)}$ , $F$ $g$ $F\otimes_{l}g\in$
$(E^{m+n})^{*}$ .
$F \otimes_{l}g.--\sum_{\mathrm{j},\mathrm{k}}(\sum_{\mathrm{i}}\langle F, e(\mathrm{j})\otimes e(\mathrm{i})\rangle\langle g, e(\mathrm{k})\otimes e(\mathrm{i})\rangle)e(\mathrm{j})\otimes e(\mathrm{k})$
$\mathrm{i},$ $\mathrm{j},$




2.9 ( ). $\kappa$ $(E^{\otimes(l+m)})^{*}$ . $\phi:=\sum_{n=0}^{\infty}f_{n}\in \mathcal{E}$ ,
$f_{n}\in E^{\otimes n}\wedge$
\iota ,m(\kappa )\phi : $= \sum_{n=0}^{\infty}\frac{(n+m)!}{n!}s_{l+n}(\kappa\otimes_{m}f_{m+n})$
. $s_{l+n}$ $l+n$ .
$\text{ _{}l,m}(\kappa)\in \mathcal{L}(\mathcal{E}, \mathcal{E}^{*})$ , $l,m(\kappa)$ $\kappa$
210. $H=L^{2}(T)$
.
\iota ,m(\kappa ) $= \oint_{s_{i},t_{j}\in T}\kappa(s_{1}, \ldots, s_{l}, t_{1}, \ldots, t_{m})$
$\partial_{s_{1}}^{*}\ldots\partial_{s_{l}}^{*}\partial t_{1}\cdots\partial t_{m}ds_{1}\ldots ds_{l}dt_{1}\ldots dt_{m}$
$\delta_{t}\in E^{*}$ $t\in T$ , $\partial_{t}:=D_{\delta_{t}},$ $\partial_{t}^{*}:=D_{\delta_{\mathrm{f}}}^{*}$ .
29 $l,m(\kappa)$ .
33
27 , $s_{1},$ $\ldots,s_{l}$







2.11 (Fock ). $\in \mathcal{L}(\mathcal{E},$ $\mathcal{E}^{*}$ }
\phi =l,\Sigma m\infty
$=0$
1, $(\kappa_{l,m})\phi$ , $\phi\in \mathcal{E}$ (2.1)
$\{\kappa" m\}_{l,m=0}^{\infty}$ , $t_{\acute{\iota}l,m}\in(E^{\otimes(l+m)})_{\mathrm{s}\mathrm{y}\mathrm{m}(l,m)}^{*}$
. $(E^{\otimes(l+m)})_{\mathrm{s}\mathrm{y}\mathrm{m}(l,m)}^{*}$ $(E^{\otimes(l+\cdot m)})^{*}$ $l$ $m$
( 210 ), (2.1)
$\mathcal{E}^{*}$ ,
( ) , $\kappa_{l,m}$
Taylor , . (

















32. $\Lambda^{J}.I$ Riemann , $\Omega^{1}(\lambda\prime I)$ 1 . $G$
Lie , $\mathfrak{g}$ $G$ Lie .
$T_{x}^{*}(\lambda I)\otimes \mathfrak{g}$
$(\omega_{x}\otimes X,\omega_{x}’\otimes X’)_{x}:=(\omega_{x},\omega_{x}’)_{x}(X, X’)_{g}$ $\omega_{x},\omega_{x}’\in T_{x}^{*}(M),$ $X,$ $X’\in \mathfrak{g}$ ,
, $\Omega^{1}(\Lambda I, \mathfrak{g}):=\Omega^{1}(M)\otimes \mathfrak{g}$
$(f, g)_{0}:= \int_{\Lambda f}(f(x),g(x))_{x}dv$ , $f,$ $g\in\Omega^{1}(M,\mathfrak{g})$ ,
2
$dv$ $\mathrm{A}I$ . $\Omega^{1}(M, \mathfrak{g})$
$H(\mathrm{A}I, \mathfrak{g})$ .
(1) $V(\psi)\in \mathcal{L}(H(\mathrm{A}!I, \mathfrak{g}))$
$(V(\psi)f)(x):=[\mathrm{i}\mathrm{d}_{T_{x}^{\mathrm{r}}\mathrm{A}I}\otimes \mathrm{A}\mathrm{d}(\psi(x))]f(x)$, $\psi\in C^{\infty}(\Lambda f, G),$ $f\in H(\Lambda f,\mathfrak{g})$
.
(2) $\beta\langle\psi$ ) $\in\Omega^{1}(\mathrm{A}\prime I, \mathfrak{g})$
$(\beta(\psi))(x):=(d\psi)_{x}\cdot\psi(x)^{-1}$
. Maurer-Cartan .






$\Gamma(V(\cdot))$ , $x\in \mathrm{A}I$ $G$
, .
35
34 ( ). $\cdot\psi\in C^{\infty}(\mathrm{A}\prime I., G)$ ,
$U(\psi)=T_{\beta(\psi)}\Gamma(V(\psi))$











RJsmagilov [6] . $\mathrm{V}\mathrm{e}\mathrm{r}\check{\mathrm{s}}\dot{\mathrm{x}}\mathrm{k},$ $\mathrm{I}..\mathrm{M}.$ Gelfand, and $\mathrm{M}.\mathrm{I}.\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{e}\iota^{r}$
3 [14] , $SL(2, R)$
( $R$ ) , Boson Fock ,
1 2
,
. [14] [6] ,
R.Ismagflov [6] .
1977 $\mathrm{I}$ . Gelfand, M. Graev, A. $\mathrm{v}_{\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{k}}^{\mathrm{v}}$ [3] $\dim M\geq 2,$ $G$
,
. [4] 1981
, [3] $1^{\mathrm{a}}$ ,
$\dim M\geq 4$ .
, S. Albeverio, R. $\mathrm{H}\emptyset \mathrm{e}\mathrm{g}\mathrm{h}$-Krohn, D. Testard [1] ,
. , [13] 2005
. $\dim\lambda’,I\geq 3$ , $\dim M=2$ Lie
, $\dim M=1$ $\mathrm{t}_{\sqrt}\mathrm{a}$
.
36
. [1] $\dim\Lambda I=1$
. [13] $\Lambda’.I$
. [1] ,
. [1] , Albeverio
[1] $C^{\infty}(S^{1}, G)$





$C^{\infty}(S^{1}, G)$ $C_{e}^{\infty}(S^{1}, G)$
, .
[1] $U$ ,
( $U$ Boson Foek
) $U^{R}$
$(U^{R}( \phi)f)(\eta):=(\frac{d\mu(\eta\phi)}{d\mu(\eta)})^{\frac{1}{2}}f(\eta\phi)$,
$\phi\in C$“ $(S^{1}, G)$ , $f\in L^{2}(\{\eta\in C(S^{1}, G)|\eta(0)=\eta(2\pi)=e\};\mu)$ ,
( $\mu$ Gauss ) , $U^{R}$
, $U^{R}$ $U^{R}$ well-defined $\eta\phi$
$G$ $e$ , $\phi$
. ( )




35. $\Lambda^{\mathit{1}}I$ Riemann .








, $\xi_{\backslash }$ . Gelfand Albeverio, Ismagilov
, .
, $t\neq 0$ $x$
$X\cap(X+t\delta_{x})=\emptyset$ ,
Gauss $\mu$ $X$ , $X$
Riemann . ( [1], [4], [6]















Gelfand , $H=H(M, \mathfrak{g})$ $H$
$\nabla^{*}\nabla\otimes \mathrm{i}\mathrm{d}_{\mathfrak{g}}+2$ . $\nabla$ $M$ Levi-Civita , $\mathrm{i}\mathrm{d}_{\mathfrak{g}}$
$\mathfrak{g}$ . ( $\nabla^{*}\nabla$ Bochner Laplacian )
2.1 Gelfand $(E, H, E^{*})$ . 25
Gelfand $(\mathcal{E}, \Gamma(H),$ $\mathcal{E}^{*})$ ,
$\Psi\in C^{\infty}(\Lambda I, \mathfrak{g})$ U(exp( )) $\mathcal{E}$ $\mathcal{L}(\mathcal{E}, \mathcal{E})$ ,
$\in \mathcal{L}(\Gamma(H(\mathrm{A}I, \mathfrak{g})))$






$U(\exp(-\Psi))^{*}$ $\phi=$ $U$ (exp( ))\phi , $\Psi\in C^{\infty}(M, \mathfrak{g}),$ $\phi\in \mathcal{E}$ (3.2)
. (3.2)
.
(3.2) $U(\exp(\Psi))$ , Fock
, , 1
$\{U(\exp(\Psi))|t\in \mathrm{R}\}$ $\mathit{1}=0$ Lie
.
.
36( ). $(X, \{|\cdot|_{\alpha}\}_{\alpha\in\Lambda})$ Frechet , $\{\psi t\}t\in \mathrm{R}\subseteq GL(X)$ 1
. $\{\psi_{t}\}_{t\in \mathrm{R}}$ ,
$\lim\underline{\psi_{t}\xi-\xi}$ , $\xi\in X$ .
$tarrow 0$ $t$
.
$X \xi:=\lim\underline{\psi_{t}\xi-\xi}$ , $\xi\in \mathfrak{X}$ .
$tarrow 0$ $t$
$X$ .
37. $X$ . $\alpha\in \mathrm{A}$ $K\subset X$
$\lim_{tarrow 0_{\xi}}\sup_{\in K}|.\frac{\psi_{t}\xi-\xi}{t}-X\xi|_{\alpha}=0$
$U(\exp(\Psi))$ .
, . 1 $\psi_{t}$
$X$










38( ). $(X, |\cdot|_{\alpha})$ Frechet , $\{\psi_{t}\}\subset GL(X)$ 1




\psi $=\exp(t\Psi)$ , $\Psi\in C^{\infty}(M, \mathfrak{g})$ . $T_{\beta(\psi_{t})}$ 1








[10] 545 ) $V(\psi_{t})$ , Bochner Laplacian
Levi-Civita . ( 0 Rie-
mann ) $V(\psi t)$
. (Salomonsen[12] 25 )
$(V(\Psi.)f)(x)$ :=[idTx*M\otimes ad( (x))] $f(x)$ , $\Psi\in C^{\infty}$ ( $M$, ), $f\in H(\Lambda f, \mathfrak{g})$
, $\Gamma(V(\psi_{t}))$
$d \Gamma(V(\Psi)):=\sum_{n=0}^{\infty}\sum_{j=1}^{n}\mathrm{i}\mathrm{d}_{j-1}\otimes V(\Psi)\otimes \mathrm{i}\mathrm{d}_{n-j}$
. ( $d\Gamma(V(\Psi))$ $V(\Psi)$ 2 )
1,1 $((\mathrm{i}\mathrm{d}\otimes V(\Psi))^{*}\tau)\in \mathcal{L}(\mathcal{E}, E)$ ,
$\tau\in E\otimes E^{*}$ .





$\pi(\Psi):=$ 1,1 $((\mathrm{i}\mathrm{d}\otimes V(\Psi))^{*}\tau)$ 1,0 $(d\Psi)$ 0,1 $(d\Psi)$
. $\pi(\Psi)\in \mathcal{L}(\mathcal{E}, \mathcal{E})$ .
, (3.2)
( )—\phi $=$ $\pi(\Psi)\phi$ , $\Psi\in C^{\infty}(M, \mathfrak{g}),$ $\phi\in \mathcal{E}$ (3.3)
.
$\tilde{\pi}(\Psi):=-\pi(\Psi)^{*}$
. $\tilde{\pi}(\Psi)|_{\mathcal{E}}=\pi(\Psi)$ $\overline{\pi}(\Psi)$ $\pi(\Psi)$ $\mathcal{E}^{*}$ .
(3.1) (3.2) , (3.3) .




. Gelfand Bochner Laplacian
$\nabla^{*}\nabla$ . Laplacian Riemann









$\mathrm{a}$ , . , Fock (
) . $—\in \mathcal{L}(\mathcal{E}, \mathcal{E}^{*})$ Fock
(2.1) . (3.3) $\kappa_{l,m}$ .
2 ,
3.9. $–l,m-(\kappa)\in \mathcal{L}(\mathcal{E}, \mathcal{E}^{*})$ $l’,m^{;(\lambda)}.\in \mathcal{L}(\mathcal{E}, \mathcal{E})$ :
$—_{l,m}( \kappa)_{-l^{J},m’}^{-}-(\lambda)=\sum_{k=0}^{\min\{m,l’\}}k!(\begin{array}{l}mk\end{array})(\begin{array}{l}l’k\end{array})-_{l+l’-k,m+m’-k}\cup-(S_{m-km’}^{ll’-k}(\kappa\circ_{k}\lambda)),$ $(3.4)$
41
$S_{m-km’}^{ll’-k}(\kappa 0_{k}\lambda)\in(E^{\otimes(l+l’+m+m’-2k)})^{*}$ : $f_{\acute{\mathrm{b}}}\in(E^{\otimes(l+m)})^{*}$ ,
$\lambda\in E^{\otimes l’}\otimes(E^{\otimes m’})^{*}$
$S_{m-km’}^{ll^{J}-k}( \kappa 0_{k}\lambda):=\sum_{\mathrm{i},\mathrm{j},\mathrm{i}’,\mathrm{j}’}\sum_{\mathrm{h}}\{t_{\acute{1_{J}}},$
$e(\mathrm{i})\otimes e(\mathrm{j})\otimes e(\mathrm{h})\rangle$
$\mathrm{x}\langle\lambda, e(\mathrm{h})\otimes e(\mathrm{i}’)\otimes e(\mathrm{j}’)\rangle e(\mathrm{i})\otimes e(\mathrm{i}’)\otimes e(\mathrm{j})\otimes e(\mathrm{j}’)$ ,
$\mathrm{i},$ $\mathrm{j}$ , i’ ’, $\mathrm{h}$ $\mathrm{N}^{l},$ $\mathrm{N}^{m-k},$ $\mathrm{N}^{l’-k},$ $\mathrm{N}^{m’},$ $\mathrm{N}^{k}$ ,
,
$\lambda_{1,0}:=\lambda_{0,1}=d\Psi$ , $\lambda_{1,1}:=(\mathrm{i}\mathrm{d}\otimes V(\Psi)^{*}\tau)$


























$\kappa_{l,1},$ $t_{\acute{\mathrm{b}}}1,m=0(l, m\geq 0.)$ , (3.7)
$h_{l,0}’,$ $\kappa_{0,m}=0(l, m\geq 1)$ (3.8)
Proof. $\Psi\in C^{\infty}(M,\mathfrak{g})$ $\Psi(x)=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ . .
$d\Gamma(V(\Psi)^{*})^{(l)}\kappa_{l,0}=0$ , (3.9)
$d\Gamma(V(\Psi)^{*})^{(m)}\kappa_{0,m}=0$, (3.10)






. ( $\Psi$ $d\Psi=0$ , (3.12) $d\Psi=0$
(3.9) )
43
$\kappa_{l,0}=0$ . $l=1$ (3.7) . $l$ $l+1$




$\langle\kappa_{l+10\}}, d\Psi\otimes e_{l}\rangle=0$ (3.13)
. $e_{l}\in\Omega^{1}(M, \mathfrak{g})^{\otimes l}\wedge$ f $H(l1f, \mathfrak{g})^{\otimes l}\wedge$
. (3.13) $\kappa_{l+1,0}=0$ .
$\{d\Psi, V(\Psi)\Psi’|\Psi, \Psi’\in C^{\infty}(M, \mathfrak{g})\}$
$H(M,\mathfrak{g})$ ([1] 35) .
$\Psi,$ $\Psi’\in C$“ $(M, \mathfrak{g})$ . $s,$ $t\in \mathrm{R}$ $|s|,$ $|t|$
$\exp(t\Psi)\exp(s\Psi’)=\exp(\Phi_{s,\ell})$






$=s\langle\kappa_{l+1,0}, V(\exp(t\Psi))d\Psi’\otimes e_{l}\rangle+t\langle\kappa_{l+1_{?}0}, d\Psi\otimes e_{l}\rangle$
$=s\langle\kappa_{l+1,0}, V(\exp(t\Psi))d\Psi’\otimes e_{l}\rangle$ .
$s\neq 0$
$\langle\kappa_{l+1,0}, V(\exp(t\Psi))d\Psi’\otimes e_{l}\rangle=0$ .
[1] 35 (3.13), (3.4) $\kappa_{l+1,0}=0$ .
$\kappa_{0,m+1}=0$ .
3.11. $(0, 0)$ $(l, m)\in \mathrm{z}_{\geq 0}^{2}$ $\kappa_{l,m}=0$ .
Proof. $l\geq 1$ . $l=1$ (3.7) . $\kappa_{l,m}=0(\forall m\geq 0)$




$\langle\kappa_{l+1,m}, d\Psi\otimes e_{l}\otimes e_{m}\rangle\wedge=0$
. $e_{k}\in\Omega^{1}$ $(M$, g $)$ $H(\lambda\prime I, \mathfrak{g})^{\otimes k}\wedge$.




Riemann $M$ . Gelfand
Hilbert
, $M$ (





(2) . $\kappa_{l,1}=0$ ,
$\kappa_{1,m}=0$ $C^{\infty}(M, \mathfrak{g})$ .
( (3.10) ) $\lambda iI$ ,
$C^{\infty}(M,\mathfrak{g})$ , $C^{\infty}(\mathrm{A}/I, \mathfrak{g})$ $C_{\mathrm{c}}^{\infty}(\lambda\cdot I,\mathfrak{g})$ ,
. $C_{\mathrm{c}}^{\infty}(\lambda,I,\mathfrak{g})$
. $\kappa_{l,1}=0,$ $\kappa_{1,m}=0$ $\mathrm{A}I$
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